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mlalysis is performed to verify that

the fine tone tracking loop of the Apollo Lunar Module (LM)
VHF ranging transponder will perform as desired. The fine
tone tracking loop receives a high repetition rate square
wave (fine tone) from the Command and Service Module (CSM).
The tracking loop is designed to phase lock a local VCXO

to the received fine tone such that a coherent and relatively
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the return link to the CSM. Operation of the transponder in
both the ranging mode, and ranging plus voice mode, is
investigated.

This particular analysis pertains to the case where
the locally generated, fine tone gating signal is phase modu-~
lated by +1/8 cycle at a modulating frequency of 1/4 of the
fine tone frequency, and where the receiver crystal bandpass
filter is sufficiently narrow to pass only the first palir of

Results show that with suitable filtering, the
oposed tracking loop does regenerate a coherent fine tone
either mode. The error signal at the input to the VCXO

s such that it adjusts the phase difference between the VCXO
output fine tone and the received fine tone so that the track-
ing phase error tends to zero. It is also shown that the
ranging plus voice mode desensitizes the error signal charac-

teristic, i1.e., reduces the slope of the error signal at cross-
over. Thus, the loop becomes more susceptible to noise including
voice frequency harmonics, and other perturbations; this effect

results in a decrease in range accuracy when using this mode.
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mlalysis is performed to verify that

the fine tone tracking loop of the Apollo Lunar Module (LM)
VHF ranging transponder will perform as deslred. The fine
tone tracking loop recelves a high repetition rate square
wave (fine tone) from the Command and Service Module (CSM).
The tracking loop i1s designed to phase lock a local VCXO

to the recelved fine tone such that a coherent and relatively
noise-free fine tone can be regenerated for transmission on
the return link to the CSM. Operation of the transponder in
both the ranging mode, and ranging plus volice mode, is
investigated.

This particular analysis pertains to the case where
the locally generated, fine tone gating sighal is phase modu-
lated by +1/8 cycle at a modulating frequency of 1/4 of the
fine tone frequency, and where the receiver crystal bandpass
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Results show that with suitable filtering, the

Mgﬁf?GD oposed tracking loop does regenerate a coherent fine tone
- Mwwsﬁﬁg" eilther mode. The error signal at the input to the VCXO
V%% s such that i1t adjusts the phase difference between the VCXO

output fine tone and the received fine tone so that the track-
ing phase error tends to zero. It is also shown that the

ranging plus voice mode desensitizes the error signal charac-
teristic, 1.e., reduces the slope of the error signal at cross-
over. Thus, the loop becomes more susceptible to noise including
voice frequency harmonics, and other perturbations; this effect
results in a decrease in range accuracy when using this mode.
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TECHNICAL MEMORANDUM

I. INTRODUCTION

In the planned mission configuration the Apollo Lunar
Module (LM) will be required to rendezvous with the orbiting
Command and Service Module (CSM). Optical techniques, and an
X-band radar having a range readout aboard the LM, will be used
to accomplish the rendezvous. In an emergency, however, the CSM
may be required to rendezvous with the LM. A VHF ranging system,
providing a range readout aboard the CSM, is being developed to add
this capability to the overall system.

The new ranging system consists of a Digital Ranging
Generator (DRG) which is to interface with a modified VHF trans-
ceiver aboard the CSM, and a Range Tone Transfer Assembly (RTTA)
which 1s to interface with a similar transceiver aboard the LM.
The transceivers will be used to establish the two-way communica-
tions 1link between the LM and CSM.

The DRG generates coarse (low frequency), mid (medium
frequency), and fine (high frequency) square wave tones which are
used to ON-OFF key (100% AM) the CSM transmit carrier. Tones are
selected according to a particular sequence most suitable for
acquisition and lock-up of the ranging system; the sequential

selection of tones 1s performed automatically in the DRG.

The LM ranging transponder, consisting of the VHF trans-
ceiver and the RTTA, as shown in Figure 1, receives and detects
the tones. Note that the coarse tone is added (modulo-2) to the
mid tone when the coarse tone is tranmitted over the VHF links.

If a mid tone or mid and coarse tone is detected at the LM, it 1is
simply re-modulated on the return VHF link to the CSM.

If the fine tone 1s received at the LM, however, a fine
tone tracking loop (see Figure 2) is employed to regenerate the
fine tone prior to modulation of the return link to the CSM. By
using this narrowband loop to phase lock the local voltage
controlled crystal oscillator (VCX0O) to the received fine tone
signal, a relatively nolse-free fine tone, which is coherent with
the received fine tone, can be generated for transmission to the
CSM.
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The DRG compares the phase between its transmitted
tones and the tones received from the LM. The DRG derives the
range number from this comparison and presents a range readout
to the external display and computer.

In addition to the ranging alone mode described above,
the new system provides a voice plus ranging mode. Simultaneous
voice and ranging is achieved by clipping the voice and using
the resultant bipolar waveform to gate the ranging fine tone on
and off. Thus the fine tone is inhibited when the transmit
clipped voice waveform is negative and is passed when the transmit
clipped waveform is positive. It should be noted that voice
transmission is not permissible while a mid tone or a mid and
coarse tone 1is being transmitted during the acquisition phase of
the ranging sequence.

It is the purpose of this memorandum to verify that
the LM fine tone tracking loop, in fact, will track the received
fine tone during either the ranging or ranging plus voice mode.
This objective 1is accomplished by deriving the characteristic
of the error signal (vs. tracking phase error) at the input to
the VCXO. The derivations of the error signal for the ranging
and ranging plus voice modes are performed in Appendix A and
Appendix B, respectively.

Major results of the derivations are summarized and
discussed below.

IT. FINE TONE TRACKING LOOP SIGNALS (NO VOICE MODULATION)

A. The Received Signal

Once the ranging system is locked-up, the fine tone
is used exclusively to key the CSM transmitter. The fine tone
keying waveform |, fl(t)’ is shown in Figure 3a. Thus the received

signal, fg(t), at the input to the LM receiver gate is the carrier

signal ON-OFF modulated at the fine tone frequency (see Figure 3b).
For convenience, also refer to Figure 2, which depicts the fine tone
tracking loop and the specific locations of signals discussed here.

B. The Gating Signal

The gating signal, f3(t), is formed locally by using

digital circuits to divide the VCXO frequency dowh to the fine tone
frequency. The resultant signal is then "early/late" phase shifted
by ¢2(t). The phase shift, ¢2(t), as shown In Figure 3c, shifts the

locally generated fine tone by +1/8 cycle (referenced to the fine
tone frequency). The early/late (+1/8 cycle) phase shifting is

performed at a rate of 1/4 the fine tone frequency, i.e., W, = Wm/u,
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where w¢ 1s the rate of phase switching and W is the fundamental

frequency of the fine tone (radians per second). Note that the
analysis presented in Appendices A and B is only applicable to the
case where w¢ ="m/U. Other switching frequencies may be feasible

but they are not explored here.

C. The IF Signals

The signal at the output of the gate is given by
fu(t). As a result of the gating process, fu(t) contains a

wide spectrum of frequencies centered about the IF carrier,
The crystal bandpass filter is designed to pass only
the carrier (at w ) and the first pair of sidebands (at w, * w¢);

all other sidebands are rejected. The crystal filter output signal,
f5(t), is fed to the IF amplifier to produce the input signal to the

envelope detector, f6(t).

D. Envelope Detector Output Signal

Demodulation of the IF signal i1s accomplished at the
envelope detector. The output signal, f7(t), is sent to the syn-

chronous detector, where 1t is multiplied by a coherent reference
signal, fREF(t). It has been shown 1n Appendix A that f7(t) con-

sists of one component in-phase (fi(t)) with £ (t) and a second

REF
n guadrature (fq(t)) with £ ..(f). The in-phase com-

ponent, fi(t), is of great value since 1its amplitude is proportion-
al to the tracking phase error, ¢1, for small angles of ¢1. A1l

the above signals are at a radian frequency of w, = /b,

¢

For purposes of clarity, the equations for these signals
are summarized below:

a) Reference Signal Input to Synchronous Detector

w_t

Y

fREF(t) = cos -%% = ¢os w¢t

b) Envelope Detector Output Signal (Input to
Synchronous Detector)

f7(t) = fi(t) + fq(t) + DC term
¢) In-phase Component of f7(t)

w_t
- m <
fi(t) = 1.299K1 cos —— sin¢; + 0.112 sin 3¢,

- 0.038 sin 5¢1



d) Quadrature Component of f7(t)
wmt
fq(t) = O.M/lKl sin ——

. m
+ 0.062K1 sin —— cos¢, + 0.660 cos 3¢1

4+ 0.134 cos 5¢l

where Kl constant

=,
It

fundamental frequency of the fine tone (rad/sec)

=
I

6 /= early/late switching frequency (rad/sec)

ct
1]

time (seconds)

¢y = w T = tracking phase error (see Figure 3a)

E. Error Signal at Input to the VCXO

The error signal at the input to the VCXO is derived Dby
multiplying f7(t) by the reference signal,fREF(t),and then low

pass filtering the resultant signal. When this 1s done, no con-
tribution from the quadrature component of f7(t) 1s obtained at

the cutput of the filter; however, a "DC" voltage proportional
to ¢ is derived from the in-phase component of f7(t). Thus the

synchronous detector and low pass filter acts as a coherent ampli-
tude detector for fi(t). As mentioned previously, the amplitude

of fi(t) is proportional to ¢, for small angles of by

The resultant error voltage as a function of o has

been derived in Appendix A and is repeated here for convenience.

/N = “d . _ .
V\Ql/ = 0.093 &, {sin 4 * 0.112 =in 3¢1 0.038 sin 54,

This function is plotted in Figure 4. ©Note that the
error voltage is zero for ¢y = 0 and changes polarity when ¢q
changes polarity. Thus V(¢1) is a usable error voltage for phase
locking the VCXO to the received fine tone signal.



III. FINE TONE TRACKING LOOP SIGNALS (WITH VOICE MODULATION)

A. The Received Signal

When simultaneous voice and ranging is transmitted by
the CSM, an intermittent series of fine tone pulses (see Figure 34d),
amplitude modulated on the carrier, is received at the input to the
LM receiver gate. Let this new input waveform be designated by
f2v(t) where the "v" subscript hereafter denotes the voice mode of

operation.

It is now desired to verify that the fine tone tracking
loop will remain in lock when the intermittent series of fine tone
pulses is received instead of the continuous series of fine tone
pulses. The derivation of the error at the input to the VCXO under
these conditions has been performed in Appendix B. For the initial
analysis the clipped voice waveform is represented by a rectangular
waveform with a fundamental frequency of W, radians per second. The

results are generalized at the conclusion of the analysis for a clip-
ped voice waveform having random pulse widths.

B. The Gating Signal

The gating signal is identical to the gating signal de-
scribed in Section II.

C. The IF Signals

The signal at the output of the gate is given by f-v(t),
As a result of the gating process, ( ) contains a large number

of sidebands centered about the IF carrler.

The crystal bandpass filter passes the carrier (at wc)

and the first pair of significant sidebands (at L ); in addi-

tion, sideband energy due to the ON-OFF voice modulation 1s passed
by the filter. The crystal filter output signal, (t) is ampli-

fied in the IF amplifier to produce the input signal to the envelope
detector, f6v(t)-

D. Envelope Detector Output Signal

Demodulation of the IF signal i1s accomplished at the en-
velope detector. Again, the output signal, f7v(t), contains an

in-phase and quadrature component (compared to the phase of the
reference signal fREF(t)) plus other sideband energy from the clipped

voice modulation.

Equations for these signals are summarized below:
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a) Reference Signal Input to Synchronous Detector

w t
- m
fREF(t) = COS —— = cOS w¢t

b) Envelope Detector Output Signal (Input to Syn-
chronous Detector)

f7v(t) = fiv(t) + fqv(t) + frv<t)

¢) In-phase Component of f7v(t)

£,,(£) = 0.650K; cos —-— | sin oy + 0.112 sin 364
- 0.038 sin 5¢ ...J

d) Quadrature Component of f7v(t)

w_t w_t
_ . m . m
fqv(t) = O.236K1 sin —— + 0.031 K, sin -—g—jcos ¢,

+ 0.660 cos 3¢1 + 0.134 cos 264

e) Remaining Components of f7v(t): DC term and terms
caused by voice modulation, i.e.

frv(t) = remaining terms of lesser importance
(see Appendix B).

Note that fiv(t) = 1/2 fi(t); fqv(t) = 1/2 fq(t)

E. Error Signal at Input to VCXO

The error signal at the input to the VCXO is derived by
multiplying f7v(t) by the reference signal, fREF(t), and then low

pass filtering the resultant signal. Again, the error signal is
obtained solely from the in-phase component, fiv(t). From the

nature of the equations for frv(t) derived in Appendix B for a

rectangular clipped voice waveform, it is evident that the low
pass filter will reject all significant amounts of energy due to

frv<t) when a random pulse width,clipped voice waveform is assumed.

Since fiv(t) = 1/2 fi(t) as shown in the previous para-
graph, the error signal (with voice modulation) is given by:
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Vv(¢1) 0.047 Ay (sin ¢, + 0.112 sin 3¢, - 0.038 sin 5¢p--)

1/2 V(4p)

This function 1s plotted in Figure 4. Thus the error
signal characteristic with voice modulation exhibits 1/2 the slope
and amplitude that would exist with no voice modulation of the
ranging fine tone.

Iv. CONCLUSIONS

Results based on the analysis performed in Appendices
A and B, as summarized and discussed in the previous section of
this memorandum, show that a usable error signal characteristic
at the input to the VCXO is obtained for either the ranging mode
or the ranging plus voice mode. The error signal is usable since
the error voltage is zero when ¢1 = 0 (i.e., zero error voltage is

produced when the VCXO is tracking the received fine tone perfectly)
and since the error signal changes polarity when ¢1 changes polarity.

Thus the VCXO frequency always will be adjusted by the error signal
such that ¢l > 0.

It has been shown that the slope of the error signal in
the voice plus ranging mode is 1/2 the slope in the ranging mode.
Thus the addition of voice modulation causes the LM fine tone track-
ing loop to be more susceptible to noise and other perturbations.

An accompanying decrease in range accuracy is to be expected when
the voice plius ranging mcde is selected.

A bt
2034 -KHS-nep K. H. Schmid
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APPENDIX A

ERROR SIGNAL FOR LM FINE TONE TRACKING LOOP

1.0 INTRODUCTION

When no
ranging signal at
continuous series
the carrier. The

(NO VOICE MODULATION)

voice modulation is present, the received
the input to the LM receiver consists of a
of fine tone pulses amplitude modulated on
error signal generated by the LM fine tone

tracking loop under these signal conditions is derived in

this Appendix.

Equations for the received signal and the gating

signal are derived first.

Then the gate output signal 1s de-

rived and scrutinized to determine which of 1its frequency

components pass the IF crystal bandpass filter.

Additional

signal analysis is performed to determine the effect of the

IF amplifier,
pass filter which

envelope detector,

synchronous detector and low-
follow the IF crystal filter.

The resultant output error signal 1s shown to be

usable for phase
(derived from the
LM fine tone

trac

2.0

locking the locally generated fine tone
VCX0) to the received fine tone. Thus the

king loop performs as desired.

FOURIER SERIES EXPANSION OF FINE TONE WAVEFORM

The Fourier series expansion of the fine tone ON-

OFF switching function is derived below.

No voice modulation

is present; therefore the fine tone consists of a continuous

pulse train at Wm

parameters).

where:

(see Figure 3a of the main text for waveform
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Appendix A (contd.)

-b
6 = tan” 1| 1
m a
m
L
- 1 mrt
a, =7 fl(t) cos —f dt
-L
L
_ 1 . mmt
bm = Lf fl(t) sin — dt
-L
Therefore,
_.T+L_
2
_ 1 mrt
am =T . 1 . cos T dt
-7 ——
2
a_ = 2 cog ZHIT sin 2L But w.L = =
m mm L 2 m
a_ = 2 sin BT cos(-mw_1) Let w._t = ¢
m mn 2 m 2 m 1
2 gy, mr
. am = or sin 5 cos m¢l
_T+_L.'_
1 2 mrt
b =z 1 sin dt
m L L
_._L
2
2 . mm . ~Mm7 T
b = &2 == =
m on Sin 5= sin I, s But me m
W_T = ¢1
b = 22 g5, OT oy
P e sin 5 slin m¢1
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Appendix A (contd.)

2 .. mm 2 . 2 '
Cm = o sin §—”Jcos m¢1 + sin m¢1
s c_ = 2_ sin mm
m mm 2
_+1(8in m¢
¢$_ = tan 1 ——————l)
m cOsS m¢
1
.¢m=m¢l

Thus ,

_ 1 2 s mr
fl(t) =5 + 2: —— sin 35— cos (mwmt + m¢l)
m=1

3.0 ON-OFF SWITCHING OF IF CARRIER AT INPUT TO THE GATE

The IF signal is keyed ON-OFF by the fine tone. The
equation for this signal is simply the product of the fine
tone signal and the 1IF carrler as folliows:

fg(t) = A cos wct . fl(t)

where:
A = amplitude of IF carrier
w, = IF frequency (radians per sec.)
mn
A Z Sin T
. f2(t) = 5 Cos wct 1 + 2 — cos(mwmt + m¢1)
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4.0 THE GATING SIGNAL

The signal f2(t) is gated by a phase modulated,
locally generated fine tone, f3(t). The phase modulation is
given by ¢2(t) (see Figure 3c), which is equivalent to + %
cycle early-late phase modulation of the fine tone at a switch-

ing rate of w¢ radians per second. The resultant gating signal

is given by:

£5(t)

P

o in DT
{ E: 2 cos nwmt + n¢2(t)ﬂ

Note that the time reference has been chosen such that t=0
occurs in the center of a ¢2(t) pulse; all other pertinent

waveforms are given an arbitrary time shift from £=0.

I\JIZS

5.0 SIGNAL AT THE INPUT OF THE CRYSTAL FILTER

The signal into the crystal filter (output of the gate)

is given by f,(t), (see Figure 2).
il

fu(t) fz(t)-f3(t)

. fu(t) = % cos wct[l + 2 E: —— cos nwmt + n¢2(tﬂ

2
2 sin 2T
+ 2 Sﬁ -—f:4%— cos(mw_t + md¢,)
A= M il L
m=1 2
oo = i nmw . mm
— sin =
TP
nmw mm
n=1 m=1 2 2

. cos(nwmt + n¢2) cos(mwmt + m¢14
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6.0 SIGNAL AT THE OUTPUT OF THE CRYSTAL FILTER

6.1 General

The crystal filter is a band-pass filter centered at
W
. . . _ m.
w,- It is designed to pass frequencies at W, + w W, + I

¢
it will not pass frequencies at w, tw

Each of the terms of fu(t) are now examined to deter-
mine which components pass the filter.

6.2 First Term of fu(t)

=i

go(t) = cos Wct

This term represents an IF carrier component which
passes the filter.

6.3 Sidebands from Second Term of fu(t)

_ A
gl(t) = 5 cos wct E: o, cos(nwmt + n¢2)
n=1
where: . na
sSin '2——
oy = ——EE—— P 0 for n even
2
gl(t) = % cos w. t % pn(COS nw t cos n¢, - sin nw t sin n¢2)

Note that cos n¢2(t) =y, = constant (see Figure 3c). Let
sin n¢2(t) = a, C(t) where C(t) is + 1 at a frequency of w

.
2. sin %1

» C(t) =2 E: g7 cos qw¢t
q=1 2
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Note that the C(t) pulse is centered on t = 0 since ¢2(t) is
centered on t = 0. Thus,

_ A .
gl(t) = 5 cos wct EE{DU»YH cos nwmt -0, o C(t)sin nwmt

Only the last term of gl(t) can give frequencies that pass the
filter; let it equal gz(t).

gz(t) = —% cos th Z:pn a

}: sin
2 a0 coS qw¢t sin nwmt
n 2—

- _ m .
= ~A cos wct§prl an(% cSq cos g T)31n nwmt

where:

W

Only those terms of gz(t) which produce sidebands at w, Em

are of interest since these frequencies pass the filter. Thus
the terms of gz(t) of interest are those with:

q = 4n-1
over all n
Un+1

Q0
]
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Case 1: g = Un~-1 over all n

Let these particular terms of gg(t) be given by g3(t)
and evaluate it for the first few values of n.

— w_t
gg(t) = -A cos w_ t l‘pn an 8y,_1 COS (Hn 1) —ﬂ~‘131n nw_t
n
TABLE A-1
EVALUATION OF SERIES TERMS OF g3(t)
) o ) Un-1 ‘ .
n n n bn-1 cos| —y— wmt151n nwmt
| 7wmt ] —wmt
1 2/m 1/ 2 =-2/37 = sin ——— - % sin ——
¥ Id 4 c b
1 23wmt 1 —wmt
3 -2/3m l/VZ? -2/11n 5 8in —p— - 3 sin —7—
1 Pdwt Wt
5 2/5Tr —l/v 2 —2/197T ? sin T - —2" sin ——T‘
1 55wmt 1 —wht
7 —2/71T —l/ V 2 -—2/27TY 5 s1in - " 3 sin I
Thus the signal that passes the filter is given by:
2V 22V_. 2VF5 2V 2
gu(t) = -A cos wct —= sin ——u 2 + - 5 v
95ﬂ 189n
w t
V 24 . m 11 1 1 1
= ——_ e W t @11 —m——m— 1= = — - — + .
gy(t) = cos w.t sin ——{3 33 g5 * 189
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Case 2: g = 4n+l over all n

Let these particular terms of g2(t) be given by g5(t)

and evaluate it for the first few values of n. Hereafter only

the difference frequency component, (which passes the filter)
is given in the tables.

w_t
- m .
gs(t) = ~A cos wct %:pn o, 64n+1 cos[(un+1) _E_] sin nwmt
TABLE A-2

EVALUATION OF SERIES TERMS OF gB(t)

Difference Component of

n °n %n 6“n+1 cos &Egl)wmt sin nwmt

f
1 2/ m l/\/2 2/57
3 -2/3m 14/ 2 2/13n

1 w_ T

5 2/57 -1/ 2 2/21w < - 5 sin
7 -2/7n —l/v 2 2/29m
9 2/9m l/\/2 2/37n L

Thus the signal that passes the filter is given by:

\’ w_t
- 2A : m 1 1 1 1 1 ...
gg(t) = 5 cos W, t sin —— £-35 - 105 * 203 * 333

™
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6.4 Sidebands From Third Term of fu(t)

g7(t) = % cos wct E: B cos(mwmt + m¢l)
m=1

where:

. mm
sS1ln 55—

This signal has sidebands at W, + mw and thus none of these
sidebands can pass the filter.

6.5 Sidebands From Fourth Term of fu(t)

Examine the fourth term of fu(t) and set 1t equal

to hl(t).
h =
l(t) A cos wct %2 o Bm cos(nwmt + n¢2)cos(mwmt + m¢>1)
_ 1
hl(t) = A cos wct %:%:pn Bm [E-cos(nwmt + mwmt + ne, + m¢l)
+ 1 cos(nw t - mw_t + ne, - me,)
2 m m 2 1
_ A
hl(t) = 7 cos wct +§,§ o, B [cos(nwmt + mwmt)cos(n¢>2 + m¢l)

- sin(nwmt + mwmt)sin(n¢2 + m¢1)
+ cos(nwmt - mwmt)cos(n¢2 - m¢l)
- sin(nwmt - mwmt)sin(n¢2 - m¢l)]

Note that cos(n¢2 - m¢l) is # constant unless ¢, 1s an Integral
multiple of 2.
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_ A
hl(t) = 5 cos w,t Z Z °r B {cos(n+m)wmt
n m
.[cos n¢2 cos m¢l - sin n¢2 sin m¢l]

- 51n(n+m)wmt sin n¢, cos me + cos ng, sin me

+ cos(n—m)wmt cos n¢, cos mé | + sin ng, sin mé

- sin(n—m)wmt sin n¢, cos m¢l - cos ng, sin m¢1 }

But cos n¢2(t) = y, = constant ; sin n¢2(t) = o C(t)

_ A
hl(t) = 5 COS Wct %gpn Bm

. {}os (n+m)wmt]cos(m¢l)yn - sin[(n+m)wmt]sin(m¢l)yn

+ cosL(n—m)wmt]cos(m¢l)yn + sin[(n—m)wmt]sin(m¢l)Yg}

A
+ 5 cos wct

5™

%}on Bm

L

- -
. {} cos (n+m)wmt Sin(m¢l)an c(t)

- Sinh(n+m)wmt_cos(m¢l)an Cc(t) + cos[(n-m)wmt]sin(m¢l)an0(t)

-
- sin (n—m)wmt cos(mcbl)an C(t)}
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Only the second term of hl(t) can produce sidebands that
pass the filter. Thus,

“ w_t
_ m
p(®) = & com wet L Loy “{2; ®q 0% 4 T

. {} cos[(n+m)wmt}sin mé, - sin[(n+m)wmt]cos meé
+ cos{kn—m)wmt]sin mey - sin{(n—m)wmt]cos m¢l}

Only those terms of h2(t) which produce sidebands at w

are of interest since these sidebands pass the filter.
the terms of h2(t) of interest are those with,

W
m

.H_

us

+
C_
Th

q = U4(n+m) - 1 over all n, m
g = 4(n+m) + 1 over all n, m
q = 4(n-m) -1 \
n>m
g = 4(n-m) + 1 ,{
g = 4(m-n) - 1
m > n
q = 4(m-n) + 1
q =1 } m=n
Case 1: q = 4(n+m) - 1; all values of m and n

1
Let these particular terms of h2(t) be given hB(t)

and evaluate for the first few values of m and n.

b {n+m)-1
h'3<t) = —A cos w,t %%’ °n Bm %n Gll(n+m)—l cos ——p —— Wyt

m
» . 1
« {cos|(n+m)w_t|sin m¢, + sin (n+m)wmt}cos mé

Note that for these values of g, the other two terms of n,(t) do
not produce frequencies at w,/h.
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1
Let the difference component contribution from h3<t>
be represented by h3(t).

J5 w_t

_ /2a m" | . 2 2 2
h3(t) =T cos w t cos —— {31n¢1 7= - TEr T Ti5s
. 2 2 2
¥ Sln3¢1(‘ 757 * 2077 T W65w "')

. 2 2 2
* Sln5¢1(115n ~ %657 T 9757 "')"']

VZA Wit ’ 5 5

. 'm 2
+ 5 COS wct sin —E—-LCOS¢1{7§ T L5y T 1157 .o

T

2 2 2
* COS3¢1(' T5+ * 207« ' T65% "J

} 2 2 2 ) ]
+ C0b5¢l(115ﬂ T L8657 T G75w ! }
Note that if ¢, = k(2m), k = O, + 1.--, h3(t) reduces to similar

form as gu(t) and g6(t).

Case 2: q = 4(n+m)+1; all values of m and n

1
Let these particular terms of h2(t) be given by hu(t)

and evaluate for the first few values of m and n.

' b{n+m)+1
hll(t) = —-A cos wct%% o Bm o 6M(n+m)+l cos W

.{}os[(n+m)wmt]sin meé + sin[(n+m)wmt]cos m¢l}
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_ V/3A e 2 2 2
hu(t) = ﬂz cos w, t cos - {51n¢1 - g7 + 517 + o5,
. 2 2 2
+ 31n3¢1( 517 ~ 2257 T T9E; ..J
. 2 2 2
¥ Sm5¢’1( T 1257 T 595+ * 1025+ ) }
/21 ) Tt [ ( 2 2 2 )
+ nz cos w,t sin —— Cos ¢4 97 ~ 5Ir T 1257 °°
2 2 2
* cos3ey ( - 517 t 2257 t o Tgsy J
2 2 2
t cos5e,y ( 1257 ~ H957 ~ 1025+ )]
Case 3: q = 4(n-m)-1; n>m

Let these particular

and evaluate for the first few

a

P n

' 3
h5(t) = A cos wct . 0

2

r ) N ) . )
. Lcos(n—m)wmt sin m¢l

Note that for these values of g

not produce frequencies at wm/u

1
terms of hz(t) be given by h5(t)

values of m and n.

B 6 cos 4(n-m)-1 w_t

m 4(n-m)-1 q m
- sin{n-m)w_t cos mé. |
m lj

, the other two terms of h2(t) do



16

) Togsoo ) Tocuts| 1GT/2- 46/2 24/T1 16/2 6 G
Tocsoo Yogurs| wi/z- uG/z 2p/T- vl/2- LG
Tocson Tocurs| wEp/2- 16/2- 20/T 16/2 6 €
Tocsoo 2 Togure| wgt/g- w€/2- 2r/T- 4L/2~ L €
I - utTs < - V T w SO0 T T
2 T $¢ 800 1 M- bCuTSs vh/e- we/2=- ep/1- L5/¢ 6 €
Tosoo Toutrs| wge/z- /2 2p/T- vl/2- L 1
Tosoo Touts| ugr/2- /2 2p/T- 15/2 G 1
) Tosoo _‘ Yours| wi/z- w/z zp/T uE/2- €1
Towsoo Louuts alAancv:@ Yy Yo Y9 uow
B wo oy w _ woy
3 m(w~u)urs 19 Sﬂlﬁelzv:moo 1 M(W-U)so0o 2 zﬁiAEIGv:woo
JO ausuodwo) sousdaiJIqd Jo ausuodwo)y 20uaIdJJTI(

Appendix A {(contd.)

BELLCOMM, INC.

Apvmc d0O SWHHEL SHIHHAS 40 NOILVATVAH
i

G-¥ HTdVYL




BELLCOMM, INC. - 17 -
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—_— T t
_ /24 " . 2 2 2
h5(t) = —5 cos w t cos —— |sing; | 57— + Ter < To1T

m

+ sin3¢l( -

2 2 2
1057 © 3157 T Blow "J

. | 2 2
+ 511’15¢1 { - ZMSTT - 675TT '..)"']

2 21w 5 161w

m

= t
NEY . ‘ 2 2 2
+ cos wct sin I cos¢l - - +

2 2 2

t cos3e,y (105n = 315+ T Blan "J

2 2
* C°S5¢1( 2457 © 6757 "')"i

Case 4: g = 4(n-m)+1l; n>m

Let these particular terms of hg(t) be given by hé(t)

and evaluate for the first few values of m and n.

' 3 bin-m)+1
h6(t) = A cos wct %:é:pn o Bm 6H(n—m)+l cos S wmt

L [o8]

-{cos(n-m)wmt sinm¢, - sin(n-m)w_t cosm¢1]
. dia -
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V2A Wt

_ m . 2 2 2
ng(t) = 3 cos Wb cos - [Sln¢1 T 27w T Bt T ITEr
, 2 2 2
* Sln3¢1( 1357 ~ 357w ~ G767 )

. 2 2
+ 51n5¢l( 575w + TaET ---)---]

/A o m® 2 2 2
+ 2 cos w.t sin ——|cos¢ | - 277 ~ 85w * 1757

+ cos3¢1

2 2 2 )
| 1357 357w 675m

2 2
+ COSB¢1 \ 27517 + 72511' ...) ...]

Case 5: q = 4(m-n)-1; m>n

Let these particular terms of h2(t) be given by h%(t)
and evaluate for the first few values of m and n.

4{m-n)-1
o a_ B cos ——p——— w_t

|
np(£) = & cos web L dooy oy By Sy (pn)o m

=M

-[cos(m—n)wmt sinmé, + sin(m-n)w_t cosm¢, ]
4 493 -~ J
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/2 "t |
h7(t) 2% cos wct cos —%— [sin3¢l( 2§n)

m

. 2 2
+ sind¢, '— et To5s ) ~--]

V2A . Wmt 2
+ ﬂg cos wct sin T cos3¢l 17

2 2
¥ 0085“’1“ 75+ * 105w )]

Case 6: g = 4(m-n)+1l; m>n

1
Let these particular terms of h2(t) be given by h8(t)
and evaluate for the first few values of m and n.

! _ 4b(m-n)+1
h8(t) = A cos wct%l:%-pn a, B 6M(m—n)+l cos ——p—— wW_

-[cos(m—n)wmt sinmé, + s1n(m—n)wmt cosm¢l]
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_ V2A Wt . 2
h8(t) = ﬂ2 cos w t cos —— 51n3¢l - 57

. 2 2
+ 31n5¢1( 85+ T 1367 )"']

= w_ T
+ /22 cos wct sin —%— [c053¢l( 2$ﬂ)

m

2 2
+ cosb¢, i— BEo + 357 )..]

Case 7: g =1; m=n

Let these particular terms of h2(t) be given by hg(t)

and. evaluate for first few values of m and n.

w_t
- m .
h9(t) = A cos w,t %:g:pn a, B 8, cos —p— sinmé,

TABLE A-9

EVALUATION OF SERIES TERMS OF h9(t)

m n 0n a Bm 61 sinm¢>l
1 1 2/ 1//2 2/ 2/ sing,
3 3 -2/3m 1//2 -2/37 2/ sin3¢,

5 5 2/5m -1/V/2 2/5m 2/ sin5¢>l
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. _ V/2A vty it .
n9(t) = —5 cos wct cos ——| = 51n¢l + o7 51n3¢l

25-”- Sin5¢l ..o]

6.6 Carrier Terms From Fourth Term of fq(t)

When m = n,hl(t) produces carrier terms that pass

the filter. Also for certain values of q, 1.e., g = 4(n+m),
over all mn; g = 4(n-m), n>m; q = 4(m-n), m>n, carrier terms
will be produced by hl(t). Let the sum of these terms be de-

noted by hlo(t).
hlo(t) = Co cos wct

6.7 Crystal Filter Output Signal

The combined signal components at the output of the
crystal filter are given by f5(t).

f5(t) = go(t) + gu(t) + g6(t) + h3(t) + hu(t) + hS(t)

+ h6(t) + h7(t) + h8(t) + hg(t) + hlo(t)

Let K

and g (t) + hyy(t) = C cos w,t, then

w_t
, m
C cos Wt + 0.471K sin —— cos w t

[}

fS(t)

w_ T
m

= sin —— cos wct[0.097 cos¢; + 0.064 c053¢1

4

2K wmt
0.013 cosS¢l ---] + =, COs —p— coS wct[2.0MO sin¢l

+

+

0.229 sin3¢; - 0.077 sin5¢; ...]
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w t
. m
C cos wct + 0.471 K sin —— cos Wot

£ (t)

w_t
+0.062 K sin ~— cos w t[cose) + 0.660 cos3g,

w t
0.134 cosS¢l ---] + 1.299 X cos —%— cos wct{sin¢l

+

+ 0.112 sin3¢; - 0.038 sinSe, ..J

7.0 SIGNAL AT THE OUTPUT OF IF AMPLIFIER

The IF amplifier is assumed to have a constant gain,
G, (AGC is disconnected). The gain factor takes into account
any losses in gate, crystal filter, etc. Let

Al = GA |, Kl = GK and Cl = GC
w_ T

. m
Cl cos Wct + 0.471 Kl sin —— cos wct

ro(t)

w_ t
+ 0.062 K, sin —— cos w,t[cos¢j + 0.660 cos3¢,
1L ~+ (&4 L AL i
wmt
0.134 cosS¢l -~~] + 1.299 Kl cos —— coOs wct[51n¢l

+

+

0.112 sin3¢>l - 0.038 sin5¢l --J

8.0 SIGNAL AT OUTPUT OF ENVELOPE DETECTOR

The envelope detector removes the cos wct ferm from

f6(t). Thus the output of the envelope detector is given by:

w T w_ ¥
. m . m
f7(t) Cl + 0.471 K1 sin —— + 0.062 Kl sin ——{cos¢q

+

0.660 cos3¢, + 0.134 COS5¢y ***

w
cos —%—wsin¢l + 0.112 sin3¢1 - 0.038 sin5¢1 ‘e

-+

1.299 Kl




BELLCOMM, INC. - 26 -

Appendix A (contd.)

It 1s seen that the output of the envelope detector (input to

the synchronous detector) consists of a DC term, and an in-

phase and quadrature term with respect to the reference input
Wt

cos —%— signal at the other input port of the synchronous de-

tector.
Thus,

wmt
fREF(t) = COs T

f7(t) = fi(t) + fq(t) + DC term

where:
Wmt . 8 .
fi(t) = 1.299 Kl cos —— 31n¢1 + 0.112 51n3¢1 - 0.03 31n5¢1...
wmt wmt
fq(t) = 0,471 Kl sin —— + 0.062 K, sin —H—(cos¢1

+ 0.660 cos3¢, + 0.134 cos5¢, -

9.0 SIGNAL AT OUTPUT OF SYNCHRONOUS DETECTOR

The signal at the output of the synchronous detector
is given by:

£g(t) = £,06) Fpon(t)

wmt wmt wmt
. f8(t) = Cl cos —p— + 0.471 Kl sin —— cos ——

w_ t w_t
. m m
+ 0.062 K1 sin —— cos —— cosq>l + 0.660 cosB¢l

w_ T w_t
0.134 c055¢l «ee] 4+ 1,299 Kl cos —%— cos —%— Sin¢l

+

+

0.112 sin3¢,; - 0.038 sin5¢, -«
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wmt 1 2wmt ]
f8(t) = Cl COS —E—'+ O.U?l Kl § sSin —~E— + sin o

1 (2wmt
0.062 Kl § s1n _—E—

-+

+ sin(o)](cos¢l + 0.660 COS3¢l

1 2wmt
+ 0,134 cosS¢>l ---) + 1.299 K. =]|cos —f+ cos(o)

12 I

sing) + 0.112 sin3¢; - 0.038 sin5¢, ..J

10.0 ERROR SIGNAL OUTPUT FROM LOW PASS FILTER

Only the "DC" component of f8(t) will pass the filter.

Note that this component is generated from the in-phase term,
fi(t), in the IF signal. The error signal at the output of the

filter (input to the VCX0) is now simply a function of the
fracking phase error, ¢l.

V{(6,) = 0.650 Ky (sing, + 0.112 sin3¢, - 0.038 sin5s, -]
or equivalently,
v (¢l) = 0.093 A, |sin¢, + 0.112 sin3¢, - 0.038 sin5¢4 --1

This equation represents the error signal (with no voice modu-
lation). It is graphed in Figure 4 of the main text. It is
important to note that the equation is truncated and therefore
the resultant graph will closely approximate the exact solution.
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APPENDIX B

ERROR SIGNAL FOR LM FINE TONE TRACKING LOOP
(WITH VOICE MODULATION)

1.0 INTRODUCTION

When voice modulation is present, the received
ranging signal at the input to the LM recelver consists of
an intermittent series of fine tone pulses amplitude modu-
lated on the carrier. The error signal generated by the
LM fine tone tracking loop under these signal conditions is
derived in this Appendix.

A signal analysis, similar to the one performed
in Appendix A, is presented here. The resultant error sig-
nal is shown to be wusable for phase locking the locally
generated fine tone (derived from the VCX0) to the received
intermittent fine tone. Thus the LM fine tone tracking loop
performs as desired.

2.0 TFOURIER SERIES EXPANSION OF CLIPPED VOICE WAVEFORM

When the voice plus ranging mode 1s selected, the
fine tone is gated on or off according to the polarity of
{he clipped voice wavetform, see Figure 3d. The resultant
intermittent series of fine tone pulses is then used to gate
the carrier ON-OFF.

The clipped voice waveform is assumed to De derived
from an audio (voice) signal which has frequencies restricted
to the band of 300~3000 Hz. 1In order to simplify the analysis
here, the clipped voice waveform first 1is assumed to be a rec-
tangular waveform with a repetition lying in this freguency
band. Results are then generalized for a clipped volce wave-
form having random pulse widths.

The Fourier series expansion for the clipped voice
waveform (ON-OFF) is derived in the fashion ocoutlined in
Appendix A, paragraph 2.0. Thus the clipped voice ON-OFF
gate is given by:

si

_ 1 Y p——
fo(t) = 5 142 T cos rwvt +trog
2

=

rm
2

r=1
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Appendix B (contd.)

where:
W, = fundamental frequency of clipped voice waveform
(radians per sec.)
¢V = WVTl = arbitrary phase shift of waveform with

respect to t=0, see Figure 3d.

3.0 ON-OFF SWITCHING OF IF CARRIER AT INPUT TO THE GATE

The received waveform at the input to the gate is
given by f2v(t) where the "v" subscript hereafter indicates

voice modulation present. Thus,

fgv(t)=f6(t)-f2(t)

sin 5= si

o]

L(t) = H cos w t[1+2 cos frw _t + r¢v) 1+2 E:

@_
m=1l 2

. cos‘mwmt + m¢
]

iil

“;—-—J ||rvq8

4.0 THE GATING SIGNAL

The gating signal is unchanged in the voice plus
ranging mode. From Appendix A,

£o(t) = % 142 cos|nw t + n¢2(t)ﬂ

5.0 SIGNAL AT INPUT TO THE CRYSTAL FILTER

The signal into the crystal filter (output of the
gate) is given by fuv(t) = f2v(t)°f3(t)

(t) 8 cos W t{1+2 % R cos(mw t o+ m¢l”[l+2 %:Ar cos(rwvt

+ r¢v’]-[1+2 Z:pn cos(nwmt + n¢2(tn]
n
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with W << W
\' m

. rm
sin =—

_ 2
and Ap = rv/2

fuv(t) = % cos wct[l+2 %;Bm cos(mwmt + m¢l) + 2 %:Ar cos(rwvt

+ r¢v) + 4 %% Bm )‘r cos(mwmt + m¢l)cos(rwvt

o cos[nwmt + n¢2H

|

=)

Thus the error signal at the input to the crystal filter is
given by:

fuv(t) % cos w

ct[l+2 %;Bm cos(mwmt + m¢l’ + 2 %:Ar cos(rwvt

+ 4 ZZ 3 A uuoimw T + m¢ \C‘OS !1"w' T+ Ty
=S "m r "% 1] {

1
T Iy

v

+ 2 g P cos(nwmt + n¢2) + 4 Z% B Pp cos{mwmt

+

m¢l)cos(nwmt + n¢2) + 4 Z:Z:Ar °p cos(rwvt
r n

+

B A o) coszmw t
tm

r¢ Jcosfnw t + ne.| + 8
v i 'm 2j mr n

g1~
s
s M1

+ m¢l)cos‘rwvt + r¢v)cos{nwmt + n¢2”

6.0 SIGNAL AT OUTPUT OF THE CRYSTAL FILTER

6.1 General

Each of the terms of fuv(t) are examined here to

determine which components pass the filter.
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6.2 First Term Of fuv(t)

al(t) = % cos w,t = % [go(t)]

This term represents an IF carrier component which
passes the filter.

6.3 Sidebands From Second Term Of fuv(t)

_ A
az(t) = [ cos wdt E:Bm»cos(mwmt + m¢1)
m=1

m
iis

This signal has sidebands at w_,  + mw_ and thus none
of these sidebands can pass the filter.

6.4 Sidebands From Third Term Of fuv(t)

as(t) % cos wct Z:Ar cos(rwvt + r¢v]

r

a3(t) go(t) %:xr cos(rwvt + r¢v)

This term produces sidebands around W, at + TV,

r =1, 2 -++. The sidebands of significant amplitude will
pass the filter.

6.5 Sidebands From Fourth Term Of fuv(t)

_ A
au(t) = 5 cos wct ?;.(L;: Bm Ar cos mwmt + m¢l)cos{rwvt + ré,

This term produces sidebands at w, + mwm + rW_ . For

m=1and w. = 27(3000), a minimum value of r = 13 must be used to
obtain a sigeband which passes the filter. These sidebands

(m > 13) have much smaller amplitudes than the sidebands of the
third term of fﬂv(t)’ see above, and thus this term will be ignored.
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6.6 Sidebands From Fifth Term Of fuv(t)

_ A
a5(t) = cos wct %;pn cos{nwmt + né,

The sidebands of this function which pass the
filter have been determined in Appendix A. Thus,

as(t) = 3 [g,(6) + gg(t)]

6.7 Sidebands From Sixth Term Of fuv(t)

_ A
a6(t) = 5 cos wct Z:g;pn B, cos nwmt + n¢2)cos(mwmt + még

L

The sidebands of this function which pass the
filter have been determined in Appendix A.

ag(t) = % [h3(t) + 0 (8) + ho(8) + ng(E) + ho(6) + hg(t)

-

+ hg(t) + th(t)j

6.8 Sidebands From Seventh Term Of fuv(t)

a7(t) = % cos wct %;pnbcos‘nwmt + n¢2)-[§:xr cos(rwvt + r¢vn

From Appendix A 1t 1s seen that:
a7(t) = [gu(t) + g6(t)] g:xr cos(rwvt + ro,

+ rw_. The majority of

o

Sidebands from a7(t) occur at w_ +

c
these sidebands pass the filter.
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6.9 Sidebands From Eighth Term Of fqv(t)

a8(t) = A cos WCtEr:‘;% °n Bn cos(nwmt + n¢>2)
. cos(mwmt + m¢l)[2:kr cos(rwvt ¥ r¢V”
r

From Appendix A it is seen that:
ag(t) = [hy(6) + ny(8) + ng(t) + ng(s)

+ ho(6) + hg(t) + ho(e) + hlo(b>]§;xr cos(rwvt

+ r¢v)

+ W . The majority of

SE

Sidebands from a8(t) occur at W, +

these sidebands pass the filter.

6.10 Crystal Filter Output Signal

The combined signal components at the output of the
crystal filter are given by f5v(t).

o (t)

5y al(t) + a3(t) + a5(t) + a6(t) + a7(t) + a8(t)

I65\7(1[")

Il

{[go(t) + hlo(t)] + [gu(t) + g6(t)] + (t) + by (t)

[h
h5(t) + h6(t) + h7(t> + h8(t) + hg(t)I}[

+
= W

+ %:Ar cos‘rwvt + r¢VH
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C
5V(t) 5 COS wct + C cos wct %:Ar cos{rwvt + ré.,
wmt
+ 0.236 X cos wct sin I~
wmt
+ 0.471 K cos w,t sin T Z:Ar cos(rwvt + r¢v)
T

w_t
m
+ 0.031 X cos wct sin —E—tcos¢l + 0.660 cos3¢l

w_ t
+ 0.134 cosB¢1 ---) + 0.650 X cos wct cos —%—(sin¢l

+ 0.112 sin3¢; = 0.038 sinS¢, )

+

o+
. m
{0.062 K cos w_ t sin _E—(COS¢1 + 0.660 cosB¢l

w_t
0.134 0055¢1 ---) + 1.299 K cos wct cos —%—(sin¢l

+

+ 0.112 sin3¢>l - 0.038 sin5¢l ..;[}

. ?:Ar cos[rwvt + r¢v}

7.0 SIGNAL AT OQUTPUT OF SYNCHRONOUS DETECTOR

As shown in Figure 2, f5v(t) is amplified and

envelope detected; the resultant signal 1s multiplied by a
wmt
coherent cos I at the synchronous detlector. The steps

involved are outlined in detail in Appendix A. For conven-
ience these intermediate steps are omitted here. The out-
put of the synchronous detector 1s given by :
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C
m m
f8v(t) 5= COS —— + Cl cos —p— %:Ar cos(rwvt + r¢v

+
N+

(0.236) Kl sin —JE—

2w_t
+ % (0.031) Kl sin —J%—(cos¢l + 0.660 cos3¢1

+ 0.134 cos5¢, ---) + % (0.650) X, cos(o){sin¢l

+ 0.112 sin3¢; - 0.038 sin5¢, ..4

2w_t
m

71 4

[sine. + 0.112 sin3
\V-—--“rl ' A I §

1 2wmt
- 0.038 sinS¢; -++] + 5 (0.471) K, sin —p— %:xr cos{rwvt

2w_t
+ r¢v) + % (0.062) K, sin ——%—(COS¢1 + 0.660 cos3¢,

+ 0.134 cosS¢l ---) . z:kr cos(rwvt tre.
r

2w_t |
1M . .
(1.299) K, cos —*E—\s1n¢l + 0.112 sin3¢,

+
N+

- 0.038 sin5¢l °-°] . Z:Ar cos(rwvt +re,
T

+
|+

(1.299) K cos(o)(sin¢l +0.112 sin3¢;

- 0.038 sin5¢l ---) . Z:AP cos{rwvt + r¢v)
r
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8.0 ERROR SIGNAL OUTPUT FROM LOW PASS FILTER

Only the "DC" component from f8v(t) will pass the

low pass filter. ©Note that sidebands from the Z:Ar cos rwvt
r
+ r¢v terms fall outside the filter bandpass and thus no

contribution can be received from terms of f8v(t) which con-

tain this function. This will be true even if a random pulse
width clipped volce waveform were to be used in the analysis.

Thus the only term of f8v(t) which will pass the
low pass filter is the fifth term.

V (¢,) = 0.325 Kl{sin¢l +0.112 sin3¢; - 0.038 sin5¢, --ﬁ

or equivalently,

V.($) = 0.047 A, [sing; + 0.112 sin3¢; - 0.038 sinSoe, -

Note that VV(¢1) = % V(¢l) i.e., the error signal ampli-

tude (and slone at crossover) is reduced by a factor of two
when voice modulation is present.

This function is also plotted in Figure 4.




